Inflation in general covariant Hofava-Lifshitz gravity without projectability 
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In this paper, we study inflation in the general covariant Hofava-Lifshitz gravity without the 
projectability condition. We write down explicitly the equations of the linear scalar perturbations of 
the FRW universe for a single scalar field without specifying to any gauge. Applying these equations 
to a particular gauge, we are able to obtain a master equation of the perturbations, in contrast to all 
the other versions of the theory without the projectability condition. This is because in the current 
version of the theory it has the same degree of freedom of general relativity. To calculate the power 
spectrum and index, we first define the initial conditions as the ones that minimize the energy of 
the ground state. Then, we obtain the full solutions of the equation of motion, by using the WKB 
approximations. From these solutions, we calculate the power spectrum and spectrum index of the 
comoving curvature perturbations and find the corrections due to the high order spatial derivative 
terms of the theory to those standard results obtained in general relativity. Remarkably, partly of 
corrections are a direct consequence of the non-projectability condition. It is also shown that the 
perturbations are still of scale-invariance, and the results obtained in the general covariant Hofava- 
Lifshitz gravity without the projectability condition are consistent with all current cosmological 
observations. 

PACS numbers: 04.50.Kd; 98.80.-k; 98.80.Bp 
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I. INTRODUCTION 



Recently, Hofava formulated a theory of quantum 
gravity, whose scaling at short distances exhibits a strong 
anisotropy between space and time [l| , 



t -> b~ z t. 



(1.1) 



In order for the theory to be power-counting renor- 
malizable, in (3 + l)-dimcnsions the critical exponent 
z needs to be z > 3 0, The gauge symmetry of 
the theory now is broken from the general covariance, 
Sx 11 = —Sx^(t,x) (fi = 0,1,2,3), down to the foliation- 
preserving diffeomorphisms Diff(A/, J 7 ), 



St 



-/(*), fe i; --C(i,x). 



(1.2) 



Abandoning the general covariance gives rise to a prolif- 
eration of independently coupling constants 0, H[ , which 
could potentially limit the prediction powers of the the- 
ory. To reduce the number of these constants, Hofava 
imposed two conditions, the projectability and detailed 
balance [l|. The former assumes that the lapse function 
N in the Arnowitt-Descr-Misner (ADM) decompositions 
Q is a function of t only, 



N = N(t), 



(1.3) 



while the latter assumes that gravitational potential £y 
can be obtained from a superpotential W g that is defined 
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on the three-spatial hypersurfaces t = Constant. With 
these conditions, the number of independently coupling 
constants reduces to 5 [l[. 

However, with the detailed balance condition, the 
Newtonian limit does not exist 0], and a scalar field in 
the UV is not stable Q- Thus, it is generally believed 
that this condition should be abandoned Q. But, due to 
several remarkable features Q, Borzou, Lin and Wang 
recently studied it in detail, and found that the scalar 
field can be stabilized in both regimes, UV and IR, if the 
detailed balance condition is allowed to be broken softly 

On the other hand, giving up the detailed balance 
condition, but still keeping the projectability one, the 
number of the independent coupling constants can also 
be significantly reduced. In fact, together with the as- 
sumptions of the parity and time- reflection symmetry, it 
can be reduced from more than 70 to 11 [ll| (See also 
[I2I]). However, in this model the Minkowski spacetime is 
not stable [ill, El 1 > although the de Sitter spacetime is 
[l7l [l8j . In addition, such a theory also faces the strong 
coupling problem [3, 2 ■ Note that both of these two 
problems are closely related to the existence of a spin-0 



In the literature, the ghost problem was often mentioned |14l.ll5l|. 
But, by restricting the coupling constant A to the regions A > 1 
or A < 1/3 , this problem is solved (at least in the classical level) 
In addtion, when A e (1/3,1), the instability 
problem disappears. Therefore, one of these two problems can 
be always avoided by properly choosing A. In this paper, we 
choose A > 1, so the ghost problem does not exist. 
It should be noted that strong coupling is not a real problem, but 
an indication that the linear perturbations involved arc broken 
down, and nonlinear effects arc needed to be taken into account. 
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graviton [l4|, [H| , because of the foliation- preserving dif- 
feomorphisms 3 . Another problem related to the presence 
of this spin-0 graviton is the difference of its speed from 
that of the spin-2 graviton. Since they are not related 
by any symmetry, it poses a great challenge for any at- 
tempt to restore Lorentz symmetry at low energies where 
it has been well tested experimentally. In particular, one 
needs a mechanism to ensure that in those energy scales 
all species of matter and gravity have the same effective 
speed and light cones. 

To overcome the above mentioned problems, recently, 
together with Shu and Wu, two of the present authors 
proposed a model without the projectability condition, 
but assuming that: (a) the detailed balance condition is 
softly broken; and (b) the symmetry of theory is enlarged 
to included a local U(l) symmetry [23|, [24[ 4 , 

17(1) x Diff(M, J 7 ). (1.4) 

The detailed balance condition considerably reduces the 
number of independently coupling constants, in addition 
to the desired features mentioned above, while allowing 
it to be softly breaking yields a healthy IR limit. On 
the other hand, the presence of the local U(l) symmetry 
eliminates the existence of the spin-0 graviton, whereby 
all the problems related to it, including instability, strong 
coupling^ and different speeds, are now all out of ques- 
tions [221 [24| . The enlarged symmetry (| 1.4)1 is realized 
by intruding a U(l) gauge field A, and a Newtonian pre- 
potential ip, the same as those in the case with the pro- 
jectability condition (25|, where under the U(l) transfor- 
mations, A and tp transform as, 

5 a A = a— N l \JiOL, 8 a ip = -a, (1.5) 

where a denotes the U(l) generator, a = da/dt, N l is 
the shift vector in the ADM decompositions, and Vj the 
covariant derivative with respet to the 3-metric gij, de- 
fined on the hypcrsurfaces t = Constant. A remarkable 



feature of this model is that the lapse function N depends 
on both t and x, and the model has the same freedom 
(only spin-2 gravitons exist) as that in GR. 

The Hofava-Lifshitz (HL) theory modifies GR in 
strong gravitational regimes. Therefore, a natural ap- 
plication of it is the early universe. In this paper, we 
shall study inflation of a single scalar field in the setup of 
[23l |24| , by paying particular attention on two important 
issues: (i) the consistency of the theory with cosmolog- 
ical observations; and (ii) its distinguishable signatures 
from other theories of gravity, including GR. Specifically, 
the paper is organized as follows. In Sec. II, we present 
a brief review of the general covariant Hofava-Lifshitz 
gravity without the projectability condition, while in Sec. 
Ill, we study the linear scalar perturbations, and discuss 
their gauge choices and gauge-invariants. After working 
out explicitly the general equations for the cosmological 
linear scalar perturbations in a flat FRW universe with- 
out specifying to a particular gauge, we derive the master 
equation (|3.34p for the scalar perturbations in the spe- 
cific gauge (|3.20|) . In Sec. IV, we first define the initial 
vacuum state of the scalar perturbation as the one that 
minimizes the energy of the ground state, and then cal- 
culate the power spectrum and index of the comoving 
curvature perturbation. Finally, in Sec. V we present 
our main conclusions. 

It should be noted that linear perturbations of the 
Friedmann-Robertson- Walker (FRW) universe in the 
non-projectablc HL theory without the enlarged symme- 
try (|1.4I) has been studied by several authors [35(. Due 
to the presence of the spin-0 graviton modes, they are 
quite different from the ones presented here. In particu- 
lar, because of the coupling of this mode to matter fields, 
a master equation does not exist [36| . 

II. GENERAL COVARIANT 
HORAVA-LIFSHITZ GRAVITY WITHOUT 
PROJECTABILITY 



If the theory is consistent with observations, after those non- 
linear effects are taken into account, it still represents a viable 
theory. One example is the massive gravity 12011 . In the con- 
tent of the Hofava-Lifshitz theory with the projectability condi- 
tion, such effects were also studied in both sphericall y sy mmetric 
static spacetimes [l5ll and cosmological models 18, 21, 22], and 
found that the spin-0 gravitons decouple after nonlinear effects 
are taken into account. As a result, the relativistic limits indeed 
exist. 

Since the foliation-preserving diffeomorphisms 1 11.21 is also as- 
sumed in the version without the projectability condition Q, 
the spin-0 graviton exists there, too. 

The enlarged symmetry was first introduced by Hofava and 
Melby- Thompson (HMT) in the case with the projectability con- 
dition and A = 1 [25l |. and was soon generalized to the case with 
any A |28ll . where A is a coupling constant, which characterizes 
the deviation from general relativity (GR) in the IR. In such 
a setup, the spin-0 gravitons are eliminated, and the degree of 
the freedom of the gravitional sector is the same as that in GR 
[25H30l | . In this model, cosmology and spherically symmetric 
spacetimes were also studied in, respectively, [3l| and [32-31]. 



In this section, we shall give a very brief introduction to 
the general covariant HL gravity without the projectabil- 
ity condition. For detail, we refer readers to |23|, [2J]. The 
total action of the theory can be written as, 



S = C / dtd i x^gN[C K - C v + C A + C 



M 



(2.1) 



where g = det(fliy), and 
C K = K,,K" \l\ 2 . 

C v = 7oC 2 - (jiW* ~ liR) + 4 {12R 2 + 7 3 RijR ij ) 



1 



Pi (a t a 1 ) 2 + fo (a\) 2 + Ps {a % a l ) a j j 



+P 4 _a l3 a ij + /3 5 (dia 1 ) R + /3 e aiajR ij + /3 7 Ra l 
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1 

'c 1 



Ca = ^(2A g -R), 

C v = ipg tj (2K tJ +\' l \' j ip + a t \' j ip) 

+ (1 - A) (Acp + a,VV) 2 + 2(A<£ + a^ipjK 

+ ig^ fc [4 (ViV^Jo^VoV 
+ 5 ( a (i v i)<^) a (k^i)V + 2 (V(^) a j){k Wi)ip 



(2.2) 



Here A = g^WjV 'j, A g is a coupling constant, and all the 
coefficients, /3 n and 7„, are dimensionless and arbitrary, 
except for the ones of the sixth-order derivative terms, 
75 and /3s, which must satisfy the conditions, 



75 >0, /3 8 <0, 



(2.3) 



in order for the theory to be unitary in the UV. The 
Ricci and Riemann tensors R^ and R l j kl all refer to the 
3-metric gij, with Rij = R k ikj and 



A", 



1 

2N 

Rn 



ikj 

(-gij + ViNj + VjNi) 
- \gijR + A g g lv 



(2.4) 



Cm is the Lagrangian of matter fields. To be consistent 
with observations in the IR, we assume that 



i 



7i = -1, 



16ttG' 

where G denotes the Newtonian constant, and 
A^C 2 7o, 



(2.5) 



(2.6) 



is the cosmological constant. dj denotes the Cotton ten- 
sor, defined by 



° ij =$H R <-z Rd i)> 



(2.7) 



with e 123 = 1. Using the Bianchi identities, one can show 
that CijG 1 ^ can be written in terms of the five indepen- 
dent sixth-order derivative terms in the form 



1 



:RRijR l: > 



3RjR k Ri 



where 



G 



2 2 

+ (V t R lk )(V 1 W k )+V k G k , 

lR lk X7iR - H.X'ir 1 - lRV k R. 
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:RAR 

(2, 



(2.9) 



Variations of the total action (|2.1[) with respect to 
N, N' 1 , A, ip and g^ yield, respectively, the Hamilto- 
nian, momentum, A-, and (/3-constraints, and dynami- 
cal equations, which are given explicitly in (2~H |. From 



those equations, one can see clearly that the mathemat- 
ical structure of the theory is completely different from 
the one without the U(l) symmetry 

In addition, assuming the translation symmetry of the 
action (|I.4[) , one obtains the conservation laws of energy 
and momentum (24[. However, because of the reduced 
symmetry, St = f{t), the energy is conserved only glob- 
ally, in contrast to that of GR. 



III. INFLATION OF A SINGLE SCALAR FIELD 

By construction, the HL theory is power-counting 
renormalizablc, and expected to be UV complete. So, to 
investigate its distinguishable features, a natural applica- 
tion of it is the early universe. Therefore, in this section 
we study the inflationary model of a single scalar field in 
the above setup. Inflation in the projectable case with 
the enlarged symmetry fll.40 has been studied recently in 
[3l| , and in this section we shall closely follow it, although 
the two setups have completely different mathematical as 
well as physical structures, as to be shown below. 

A scalar field in the current setup is described by [ToL 

MM, 



S V 



dtd 3 Xy/gNC M , 



(3.1) 



where 



Cm — 



r(Av) 
'"x 



r{Av) 
A- A 



Wo) 



N 
f_ 
2 

I 

N 



r(o) 



2N 



[(vV)(v feX )] 2 

(x ~ A 4 V iX ) 2 - V, 



(3-2) 
(3-3) 



and 



V 



v(x) + U + Vi(x)) (v*r + v 2 (x)vt 



1 

2 

+v 3 (x)v! 
+v 6 r 1 r 2 , 



V4(X)^2 + V 5 (X)(V X ) 2 P2 



A 



^ + A' t V. t ^ + -A(V^)(VV), 



A n X , 



V 6 



(3.4) 



(3.5) 



where 03 is a constant. The coefficient / in (|3.ip is a 
function of A only, subjected to the requirements: (i) the 
scalar field must be ghost-free in all the energy scales, 
including the UV and IR; (ii) in the IR limit, the scalar 
field has a well-defined velocity, which should be equal or 
very closed to its rclativistic value; and (iii) the stability 
condition in the IR requires /(A) > O, H3- Usually, 
one chooses / = I. In this paper, we shall leave this 
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possibility open. To study the inflationary model of such 
a scalar field, we first consider the slow-roll conditions in 
the FRW background. 



A. Slow-Roll inflation 

We consider a general FRW space-time, 

ds 2 = a 2 {r,){-dr, 2 + 7 tf darW), (3.6) 

where 



lij = 



(l + kr 2 /4y 



(3.7) 



and k = 0, ±1. Then, it can be shown that the A- and 
ip- constraints yield [24| , 



k = = A 9 . 



(3.8) 



That is, the FRW universe is necessarily flat in the cur- 
rent setup for the action given by Eq. (|3.1[) . On the other 
hand, from the dynamical equations, we find that 



H = 



8irGa 2 



3 V2 X 



1 



V{X) 



2H' + U 2 = %nGa 2 ( - X ' 2 - V( X ) 



(3.9) 



(3.10) 



where x = x(v) denotes the background scalar field, x' 
dx/dij, H = a' /a, and 



3A- 1 



/(A) 



(3.11) 



Note that in writing the above equations, we had set 
the cosmological constant A = 0. On the other hand, 
the Klein- Gordon equation in the flat FRW background 
reads, 



x" + m x ' + a 2 V, 



0. 



(3.12) 



Eqs. (|3.9j) . (|3.10[) . and p,12|) are identical to these given 
in GR [13 , if one identifies G and V to the Newtonian 
constant and scalar potential, respectively. As a result, 
all the conditions for inflationary models obtained in GR 
are equally applicable to the current case, as long as the 
background is concerned. In particular, the slow-roll con- 
ditions, 



\Vv\ < 1, 



(3.13) 



need to be imposed here, too, in order to get enough e- 
fold and solve all the problems encountered in GR, where 




(3.14) 



with M 2 } = l/(8nG), and e v and r\ v are the ones defined 
in GR [39| . However, due to the presence of high-order 
spatial derivatives, the perturbations will be dramatically 
different, as to be shown below. 

B. Gauge Freedom and Invariants 

The linear scalar perturbations are given by 

SN = acf), SNi = a 2 d l B 1 5g l3 = -2a 2 (ip5 tJ - didjE), 

A = A + 6A, p = tp + 5tp, x = X + Sx, (3-15) 

where A and ip denote the background fields of A and (p, 
and are functions of 77 only. Under the gauge transfor- 
mations ()1.2|) . the scalar perturbations transform as 



B = B + ^-i'i E = E-£, 
Tp = 5p-fip', 5A = 5A-fA!-fA, (3.16) 

where / = -£"(77), C = Under the U(l) 

gauge transformations, on the other hand, we find that 



= 0, E = E, V = 4>, 
5p = Sp + e, 8 A = 5 A - 



B = B-~, 
a 



(3.17) 



where e = — a(i], x). Then, the gauge transformations 
of the whole group U(l) k Diff(J\/, T) will be the lin- 
ear combination of the above two. Out of the six 
unknowns, (0, B,ip, E,5A,5ip), one can construct four 
gauge-invariant quantities, 
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A0, 



1 



a — p' 
1 

H 



\a<j 



5p)' 

-W)(c 
- 5<p), 



Sp), 



5A 



a — p 

a(8p — tp'cn — A(acr — Sp) 

a — tp' 



, (3.18) 



which is different from the projectable case, in which 
only three of gauge-invariants exist [27j , because the pro- 
jectability condition requires <p = 4>{rf), which can be 
eliminated by the gauge transformation / = — £ (??). 
But, now since 4> = (f>(t,x), this becomes impossible. 
Thus, from above discussions and the gauge transforma- 
tions p. 161) and (|3.17j) , one can choose the following four 
different gauges, 

(i) B = 0, 5p = 0; (ii) B = 0, 5 A = 0; 

(Hi) E = 0, 5p = 0; (iv) E = 0, 5 A = 0.(3.19) 

The field equations for the linear scalar perturbations 
without specifying to any gauge are presented in Ap- 
pendix A. 
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C. Equations of Linear Perturbations 



where 



In this subsection, we consider the cosmological per- 
turbations with the gauge, 



if {if) = 0, E = = Sip. 



Then, Eqs. (|A.7[) - (|A.12[) can be cast in the following 
forms, 



3A- 1 



H 



W + 3<f>U + d 2 B - pd 2 ^ + -dd 2 (, 



~4nGa 2 



(Sx'-x'^ + ^Sx+v'dx , 

a 4 J 

(3.21) 

9 2 V = ^Gcid 2 8 X , (3.22) 



if 



(1 - A)(3V>' + d 2 B) + 2Hip + (1 - 3\)H<p 



8ttG 



c[ x ' + c{H - fx')d 8x + c!d 2 6x' , (3.23) 



(3A - l)(ip' + (jnH) + (A - l)d 2 B 



= 8irGfx'd 2 5 x 



-a' - 2Ua -ip- a x d 2 ii + p4> 



Atjj-SA 



= 0, 



(3.24) 
(3.25) 



i>" +n((/)' + 2ip') + (h 2 + m 1 ) 



A- 1 
3A- 1 
8irGa 2 



d 2 



ijj + aid 2 ip — p<f) — 



Aijj-SA 



^4(Sx'-x^)-V'S X 
a 1 



3A- 1 

The Klein-Gordon equation (|A.13P now reads 

f5x" + 2-HfSx' - fx(d 2 B) - 2Uf X '4> 
- fx"4> - fx'<f>' + a 2 V"S X 

-3/xV'-2( C ' 1 -c 2 )-(a 2 ^) 
a 



(3.26) 



Cl d 2 



5A 



+ a 2 V'(j) + y 4 (5 4 0) = 0. (3.27) 



On the other hand, the comoving curvature perturba- 
tion, defined by 



K = ^ + ^S X , 
X 



(3.28) 



is gauge-invariant even in the current setup. Then, with 
the help of its definition, and from Eqs. (|cT2l"j) . (j3~22|) . 
(|3.24j) . and (|3.25[) . we can express ip, B and 5 A in terms 
of 5x, and then submit them into Eq. (|A.l[ ). we obtain 
the second order action in terms of 1Z. 



S(2) = \ I 



3 xa 2 h 2 



■R'eoW + TZeiTZ 



,(3.29) 



f)"-|. 



(3.20) e = f + 



4itGc 2 4C 2 d 2 



f'i 



\fK\ K\ J 

1 + 2Vi + 2-( C ; - c 2 ) - 4ttGc 2 (1 - -) 



a 2 

2j2 OA2-: 



27rGcfai 9 



a 4 



do 



eo 



do 
~/7 



4C 2 , 
V «o 

(e + 2^e ), 



(3.30) 



with 



A - 1 
1-3A' 



('^W+4.G/x' 2 -i3S 2 , 



dx = 4nG 
d 2 = 4ttG 



a 2 V' + 



\ X — 1 
3A- 1 



A- 1 



(fx' - c[x'n) 



- apd 2 



(3.31) 



From the above expressions, it can be shown that 
Eg. (13.211) can be cast in the form, 



d n <f) = d^x + d 2 6x- 
Introducing the variables, 

v = zlZ, z 2 = a 2 h 2 eo, 



(3.32) 



(3.33) 



from Eq. (|3.29[) one obtains the equation of mode function 
Vk in the momentum space, which reads 



where 



v^ + p 2 ( V ,k)v k =0, 



? 2 (v,k) = -(-+ e A 

= u 2 (r], k) +m 2 ff , 



(3.34) 



(3.35) 



and the exact expressions of f3 2 (rj,k), io 2 (j], k), and m e g 
are given in Appendix B. It is remarkable to note that 
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with the U(l) symmetry, a master equation (|3.34[) exists, 
in contrast to the case without it [36|]. This is closely 
related to the fact that the U(l) symmetry eliminates 
the spin-0 graviton, and the resulted theory enjoys the 
same degree of freedom as that of GR. 



IV. POWER SPECTRUM AND INDEX 

To calculate the power spectrum of the linear scalar 
perturbations with slow-roll approximations, as one usu- 
ally does in GR, we should first choose a specific vacuum 
state of the quantum field at initial time rji (the initial 
conditions) and solve the linearized equation of motion. 
Then, using both the initial conditions the solution is 
uniquely determined, from which we calculate the power 
spectrum and index. 

However, due to the complexity of the function /3 2 (77, k) 
defined in Eq. (|3.35p , the analysis becomes very much in- 
volved mathematically. In the following we follow (ioj . 
First, we notice that, at the beginning of the inflation- 
ary period, the physical wavelengths of comoving scales 
which correspond to present large-scale structure of the 
Universe are usually much smaller than the correspond- 
ing Hubble length. This means that at the early stage 
of inflation the high order spatial derivative terms of the 
theory are dominant. In this case, a natural choice of the 
initial state is the one that minimizes the energy of the 
field at the initial moment r\i poj . 



v'kiVi) 



1 



±i 



(3.36) 



Then, with the slow roll approximations, one has 

/3 2 (, ?I ,fc)~ 7 Vfc 6 , (3-37) 



where 



2(1 - 4e v )U 6 ff 4 
/ + 4kGc 2 /\c 2 \ 



(3.38) 



In the above expression, c s is defined by (|3.46[) and < 
Mpi- For the field to be stable in the UV, the condition 
Ve < has to be satisfied, which in the following will be 
assumed to be always the case. 

Secondly, as can be seen from QB.lj) . the expression 
of /3 2 (?7, k) is too complicated to solve the corresponding 
equation of motion analytically. Following |40l ] , we divide 
the momentum space into three regions: 

• Region I, in which we have fc p h y > M*, and the k 6 
term of /3 2 (77, k) dominates; 

• Rgion II, in which we have M* > fc p h y > H/c s , and 
the k 2 term in /3 2 (r),k) dominates; 



• Region III, in which we have fc p h y < H/c s , and the 
m e ff term dominates, 

In the following, we will solve the equation of motion 
(|3.34[) in each of these three regions, separately, and then 
using the matching conditions on the boundaries to con- 
nect the integration constants obtained in each of the 
three regions. In particular, the coefficients of the two 
fundamental solutions in Region I are fixed by the initial 
conditions (|3.36[) . Then, we perform the matching of v k 
and v' k at the transitions between region I and region II, 
which occurs at time 771 , and between regions II and III, 
which occurs at time 772 , to obtain the coefficients of the 
two fundamental solutions in region III, from which the 
power spectrum and index can be calculated. 



A. Region I 

In Region I, the equation of motion for the mode func- 
tion v k reduces to 



(3.39) 



v'i + ~f 2 r, 4 k 6 v k = 0, 

which has the general solution, 

v{{r,) = Ax\r ] \ 1 ' 2 J v {z)+A 2 \r 1 \ 1 ' 2 J. u {z), (3.40) 

where J v {z) denotes the usual Bessel function, with v = 
1/6 and z = 7|r;| 3 fc 3 /3. The coefficients Ax and A2 are 
to be determined by the initial conditions (|3.36[) at rji, 
i.e., 

AiJ„(zi) + A 2 J- V (zi) = v k (r) i )\r) i \- 1/2 , 

~A 1 J^ 1 (z I ) + A 2 J 1 _ I/ (^)= <fa q )l?? '' |1/2 . (3.41) 

Using the Wronskian relation J- l/ {z)J v -x{z) + 
Ji_„(z) J„(z) = 2sin[j/7r]/(7rz), we find that 

Ai = irz i v k ('n i )\ri i \- 1 / 2 [J 1 - l/ (z i )^iJ- l/ (z i )}, 

A 2 = TTZ i v k {r h )\r h \- 1 / 2 [J v - l {z i )±iJ v {z i )]. (3.42) 

Since Zi 3> 1, by introducing two new functions, 

. , , , V'K IT , . , . V'K K 

x {r 1 ) = z{ri) + — --, 2/(77) = 2(77) - — - -, (3.43) 

and using the asymptotic forms of the Bessel function for 
large arguments, we find 



A\ ~ =FW2TrZiV k (r)i)\r)i\' 
A 2 ~ ±W2nz i v k {r] i )\r] i \ 



-l/2 e ±ixt 



(3.44) 



B. Region II 



In Region II, the dispersion relation is approximatively 
to be linear, thus the equation of motion reduces to 



v'l + c 2 k 2 v k = 0, 



(3.45) 
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with 



1 + 2Vi + 2A{c[ - c 2 ) - AttGc\{1 - A - 



/ + 4ttGc?/|4| 

(3.46) 

Therefore, the solution can be expressed as 

v{ T (r?) = B ie ICsfe1 ' + S 2 e- tc = fa '. (3.47) 

The coefficients i?! and B 2 arc to be determined by 
matching of Vk and v' k at the transitions time r]i between 
regions I and II, which yield 



B ie l 



+ 



Boe- 



T / s 3zi|?7i| 1 . 



A 2 \r\\ 



1/2 



■/-i/(zi) H ; — : Ji-^Zi) 



H : — ; Jy-l{Zi) 



A 2 \ m \ 1/2 



■/-r/(Zl) ; — : J\- V \Z\) 



(3.48) 



For z\ 3> 1, we obtain 



Si 



B 2 



+ 



-42|?/i| 1/2 e~ iCsfe ' 



A 1 \r) 1 \ 1 / 2 e ic * kr > 1 
\/2irzi 

A 2 \rn\ 1/2 e iCskm 



3zi 

cosyi + — — — rsmyi 
ic s k 771 



3zi 

COS Xi + 7 rr r Sin X\ 



s A; 1 771 1 



+ 



3zi 

cos yi - - — - — r sin y 1 

ic s k\r}\\ 



2>z\ 

COSXl ; — SlEl'l 



ic s k\rji\ 



(3.49) 



where A\ and A 2 are given by Eq. (|3.44j) and the transi- 
tions time 771 is given by 



m = 



1 + e v M± 
H k 



(3.50) 



C. Region III and the power spectrum 



Set Then the power spectrum of comoving curvature per- 
turbation 1Z can be calculated, and is given by 



I HY ( l + 2ey 



|c s fcr,r 2w/3 . (3.54) 



Setting the slow roll parameters to zero exactly, the 
power spectrum given above can be put in the simple 
form, 



— p - ( — V i 1 

2^ n ~ \2^J \^h^ 



(3.55) 



c a kr/— >0 



here 



So\c s kT]-yO — / + 



AttGc\ 



1/141 + i/3 



(3.56) 



We can see from above that the scale-invariance of the 
spectrum is maintained in our theory. In the relativis- 
tic limit (ci = c 2 = A) = A = V x = 0, A = 1 = /), 
the power spectrum reduces to the well known result ob- 
tained in GR. 

The spectrum index can be calculated as 

nu - 1 = 2rj v - 6e v + An R1 + An n2 , (3.57) 

where the modification of the index is 



2rj v - 6e v + An ni = 



(3.58) 

which comes from the effective mass term m e ft, and 

din eg 



An n2 



d\i\k ' 



(3.59) 



which represent the contributions from higher curvature 
terms in e^. To estimate the effect from higher curvature 
terms on the index, let us first define 



2 Id 



AI4I+2' 



M A 



M 



M. 



(3.60) 



In Region III, the equation of motion reads 

v'l + ml s v k = 0, (3.51) 

where m 2 ff is the effective mass term and is given by 
Eq. ()B.4l) . Then, the solution can be simply expressed as 



(3.52) 



where w = 3r]y/f + 9(2|c3,| — l)ey, and the coefficient C 
can be determined by matching and v' k at c s k = aH , 
which gives 



C = (B ie lc ^ 2 + B 2 e~ lc ^ 2 ) \ m \ * . (3.53) 



Then, eg can be expressed as 
AttGcI 



eo = / + 



where 



IS/. I 



i + ^o|d| i-^i|c s M 2 -^l|c,N 4 ' 



H 2 

61 -Ml' e2 ~Ml 



(3.61) 



(3.62) 
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Usually, the introduced scales Ma and Mb are much 
greater than H when inflation just starts, i.e., £1.2 <C 1. 
For the sake of simplicity, we assume that c\ ~ C2 — M* 
1311 . Then, we have 



din eo 
din k 



1 



e (l 
x(<5ei - 



2<5e? + 2Sel) 



M* 
M p] 



(3.63) 



Two comments are in order. First, it appears that 
the nonlinear dispersion relation /3 2 (rj, k) has insignificant 
contributions to the standard spectrum k 3 Pj[ R . This 
is consistent with the results obtained in Refs.fill. l42j . 
when two conditions are satisfied. The first one is the 
adiabaticity that is satisfied for the mode propagation 
before horizon crossin g, i. e., C = \(3'(r],k)/l3 2 r],k\ <C 1. 
As shown in Refs.fill |42|. only when this condition is 
violated, can the nonlinear dispersion relation have sig- 
nificant contributions to the spectrum. In this paper, we 
assumed that the adiabatic condition C <C 1 is always 
satisfied before horizon crossing. The second condition 
is that /3 2 (r], k) is approximately linear in region II, thus 
when we evaluate the power spectrum at horizon cross- 
ing, all the high order derivative terms are neglected. 
More accurately, one can expand A; 3 / /3 3 (77, k) in order of 
6hl in the form, 



k 3 



/3 3 (r),k) 



id 



/3( V3 ,k)=aH 



(3.64) 



where e H L ^ H 2 /M+, and M A ~ M B ~ M*. Thus, 
the power spectrum which contains contributions from 
/3 2 (77, k) can be expressed as 



k 3 

2^ 



1 



- 3 h 2 



(1 + aieHL 



2 t HL 



..). 

(3.65) 



Second, for the spectrum index acquires corrections 
from both the effective mass term m e g and 1/eo. As 
shown in (|3.63[) , corrections from 1/eo are of order chl- 
From the first term lZ'eo(r],d 2n )7Z.' in the second order 
action (|3.29[) . one can see that these corrections come 
from the mixture of spatial derivative and time deriva- 
tive of the comoving curvature perturbations. And more 
interesting, such mixture is a consequence of the fact that 
the lapse function (f> is a function of both 77 and x, i.e., 
without the projectability condition. Thus, such correc- 
tions to the spectrum index presents a distinguishable 
signature of the model from the version with the project- 
tability condition. 



V. CONCLUSIONS AND DISCUSSIONS 

In this paper, we have studied inflation driven by a sin- 
gle scalar field in the general covariant Hofava-Lifshitz 



gra vity without projectability condition, formulated in 
[23l |24{ . Because of the enlarged symmetry (|1.4p . the 
gauge invariants for cosmological perturbations arc differ- 
ent from those given in GR. They are also different from 
those given in general covariant Hofava-Lifshitz theory 
with projectability conditions. By using the gauge trans- 
formations for perturbations, we have constructed all the 
four gauge invariants, given by Eq. (|3.18[) . 

The most general cosmological linear perturbation 
equations have been derived without specifying any 
gauge, and presented in Appendix A. By using these 
equations, we have shown that a master equation for 
the mode function of the scalar perturbations exists, in 
contrast to the case without the £7(1) symmetry [36j. Fol- 
lowing the method developed in Ref. [40| , we have first di- 
vided the momentum space into three different regions, 
and then solved the equation of motion in each of the 
three regions, separately. With the initial conditions 
that the vacuum state minimizes the energy of the field, 
we have determined the coefficients of the solutions by 
matching the solutions and its time derivative at the ini- 
tial time and transition times on the boundaries of the 
three regions. 

With these solutions, we have also calculated the power 
spectra and spectrum index of the scalar perturbations in 
the slow-roll approximations. Comparing with the stan- 
dard results obtained in GR, the power spectrum and 
index acquire tiny corrections from the theory, as the 
adiabatic condition holds in the case considered here. Re- 
markably, partly of corrections are of the consequence of 
the non-projectability condition, i.e., N — N(t,x). In 
the relativistic limit, the spectrum and index reduce to 
the standard results given in GR. It is also true that the 
scale invariance of the comoving curvature perturbation 
remains almost the same as that given in GR, although 
the initial conditions chosen here are very different from 
those in GR. Thus, the general covariant Hofava-Lifshitz 
gravity without the projectability condition is consistent 
with all current observations. 
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Appendix A: Cosmological Perturbations 

In this section, we shall consider the linear perturba- 
tions given by Eq. (|3.15[) in a flat FRW universe, k = 0. 
Then, it can be shone that the action to second-order of 
((f), B, ip, E, SA, Sip) takes the form, 



s<n = c 2 j d v d 3 x 

+ 5 2 {^NC A ) + 5 2 (^NC V ) 



S 2 (^N£ K )~8 2 (^N£ V ) 
5 2 {^gNC x ) 



C 1 



(A.l) 



8 2 (y/gNC v ) 



8 2 {^NC X ) 



where 



8 2 {yfgNC K ) = (l-3A)a 2 m{<p + ip)ip' + 3V>' 2 

+3H 2 <p 2 + ^H 2 ip 2 + m 2 H 

-2H{4> + ip)(d 2 a) - 2V/(d 2 cr) 
~2H^'{d 2 E) - 2%{d 2 E){d 2 a) 
-2H*p(d 2 B) - 2H(d 2 E)(d 2 B) 



-m 1 ^ + ip){d 2 E) - -H (d Ey 
+ {l-\)a 2 {d 2 a) 2 , 
a 4 A \ - 60V + 2(0 - ^)(d 2 E) 

+3V> 2 - (<9 2 £) 2 

2^{d 2 4>) + 2aiV(5 4 V) 

+0(ga 2 0) - 40( P a 2 v)l . 



(A.2) 



(A.3) 



5 2 (VgNC A ) = 



a 4 A r . 



2SA 



-3V + d 2 E) 



+ - (3^ 2 - 2i>d 2 E - (d 2 Ef 
a 

+2a 2 

S 2 (^gNC v ) = 2a 3 A g 



±$&1> - —d 2 i> 
a a 



(A.4) 



^(d 2 B) + (d 2 E)(d 2 B) 



+ip(d 2 a)-3>ipip' + ip'(d 2 E) 
+(d 2 E)(d 2 a) - ^ 2 



-mi>{d 2 E) + -U{d 2 Ef 



+Stp 3ip' - d 2 a + m^dip - d 2 E) 



-a 2 A g 6<p(d 2 5<p) 



-2<p[Uip{d 2 ^)+2iP\d 2 iP)} 



-4H(ip-(f>){d 2 6<p) 



-2o(l - A) 



3H(f>(d 2 5tp) + W(d 2 6<p) 



-{d 2 5<p){d 2 a) 



+(l-\)(d 2 5<p) 2 , 
^[S x ' 2 + 2x'S X (d 2 B) 
-4 X '<pSx' + 3x' 2 2 ] 



-^V"S X 2 + (^ + V^a 2 8 X {d 2 x) 

-{V 2 + Vl)d X (d 4 6x) - ^6x(d 6 5x) 

+a(A + v')(c' 1 -c 2 )6 X (d 2 6x) 
+a Cl (5A + S^)(d 2 S X ) + af X 'S V {d 2 x) 

+(</> - 3V + 3 2 E) \a 2 f(x'S X ' - <Px' 2 ) 



-a 4 V'6 X 

,2 



2 



v^{dH x ) 

3 



^ 2 - ^{d 2 E) 



(d 2 E) 2 + cp(-3ip + d 2 E) 



(A.5) 



In writing the above expressions, we have used the fol- 
lowing definitions 

a = E' — B, 
872 + 373 



01 



a 2 C 2 ' 
= Po H 5T^— O T7J 01 > 



1 



a 2 C 2 

^ 2 . 



a 4 C 4 



a 2 C 2 



(A.6) 



Then Variation of the action (|A.1[) with respect to 
ip, B, E, 5A, and 8<p yield, respectively 



3A- 1 



3ip' + 30H - d 2 a + -d 2 Sip] - p<9 2 ?/> + \^d 2 (p 
a i 2 

%{5x' ~ x!<t>) + -^5 4 ^ + V'Sx] ,(A.7) 



-47rGa 2 



9 2 V = 47rGci9 2 (5x, 



(A.8) 



d 1 



d- 



d 2 6<p 



(1 - A)(3?/>' - d 2 a + II) + 2H*l> + (1 - 3\)H<p 



= 8ttG 



(c' lX ' + Cl H-fx')d 2 Sx + Cid 2 5x' 

d 2 5tp 



(3A - 1)(V' + 4>U) - (A - 1) f <9 2 <j - 

= 8^G/ X 'd 2 <5 x , 
-a' - 2Ua - ip - ai<9 2 -0 + p0 

- sa + ip'i/j + nS(p _ o 

a 

V/' + n((j)' + 2v/) + {h 2 + m')<j> 

A- 1 



(A.9) 

(A.10) 
(A.ll) 



-if 



3A- 1 

- 5 a + ^ + 2nsip + Sip' 



tt\ t ~^(Sx -X<P)-V5x 

3A — 1 L a 2 



(A.12) 



and variation with respect to Sx, one can get the linear 
Klein-Gordon equation 

fS X " + 2nfSx' + fx'(d 2 a) - 2Uf X '4> 
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fX"<f> - fx'<t>' + a 2 V"5 X 



cid 



2 j 5 A + Sip' 



fx'd 2 ( ^ 



+ a^'0 + y 4 (9 4 0) =0. 



(A.13) 



Appendix B: f3 2 (r/,k), u) 2 (r),k), and m e fi(rj) 

The functions /3 2 (77, fc), uj 2 (jj,k), and m c g, defined in 
Eq. (|3.35p arc given by, 



-4C 
+4C 

where 



a d2(*) 



8C 2 H dld2(fc) 



do(fe) ' " do(fc) 
did 2 (k) Y 
do (A;) 



e (fc) 



/3 2 ( ? 7,fc)- m^(r/), 
/ + 



d (fc) : 



™ + 47rG/x' 2 + ^/3ofc 2 



(B.l) 
(B.2) 



(5 2 = -n 2 -H' -H 



e' (k) le>i(k) , 1 fe' (k) 



e (» 2e (fc) 4 Ve (fc) 



47rGa Vci [ -jX? - 7^7 + 3 



e (fc) 

2t/ „ , 8^G/ X ' 2 
-a 1/ 



A - 1 



(/-ci) 



47rG Cl ci'x 



."-T/2 



1 + 2T4 + 2 I - (4 - c 2 ) 



-4^Gc 2 (l - -) 
a 



V% + V4 „ 2 

1 27rGqQ;i ] fc H —k 



4 , 2^6,6 



d 2 (fc) 



13-2+ fa k 4 



2a 2 C 2 
4ttG 



2a 4 C 



el a 2 



-cifc 2 + ^T^fc 4 



(B.3) 



Upto first-order of the slow-roll parameters, the mass m e s 
can be simplified to 



2 2 - 3f7y + 3ey 1 

m cS — o 9 

?7 2 ?7 2 



3(1 - j)w 
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3A- 1 



(B.4) 
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